Available online at http://jprm.sms.edu.pk/
Journal of Prime Research in Mathematics, 2026, 53-64

Journal of Prime Research

in Mathematics

[ _,r’l

|~ -

|

SHZ
]
N

Stabilization of a Plate System with Nonlinear
Boundary Damping and Delay

Muhammad |. Mustafa®*

?Department of Mathematics - University of Sharjah, P.O.Box 27272, Sharjah, United Arab Emirates.

Abstract

We study the qualitative properties of the solution of a plate system with boundary frictional damping and
delay term having time-dependent coefficients «(t) and 7(t) and a variable exponent m(x). Under suitable
condition on the weight of the delayed feedback compared with the weight of the non-delayed feedback, we
use the multiplier method and construct explicit energy decay estimates depending on both m and «, which
extend and enhance earlier related results in the literature.
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1. Introduction

In this paper we are concerned with the following problem

uy + A%u =0, in © x (0,00)

u:%: , on Ty x (0,00)

Bru =0, on Ty x (0,00)
m(z)—2 m(z)—2 (1'1)

Bou = a(t) |uy up + n(t) |ug(z, t — 7)| ug(x, t —7), on I'; x (0,00)

u(z,0) = uo(w), w(z,0)=ui(xw), in ©

L w(x, —t) = f(x,t), on 'y x (0,7)

where Q is a bounded domain of IR? with a smooth boundary 0 = I'o UT, Ty and T'; are closed and
disjoint, with meas(I'g) > 0, v = (v1, v2) is the unit outward normal to 02, n = (—va, 1) is the unit tangent
positively oriented on 9€). This is a plate system with boundary frictional damping and delay term having
time-dependent coefficients a(t) and 7(t) satisfying

{ a:[0,00) — (0,00) is a nonincreasing C'-function and [ a(t)dt = oo, (1.2)

n:]0,00) = R is a CO%function and |n(t)| < qa(t), where 0 < g < 1,
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and a variable exponent m € C*(T';) satisfying

2 <my <m(x) < mo, where mi = inf m(z), mg = supm(x), (1.3)
zely zel'y

and the log-Holder continuity condition

A

<————, forae z,yel' with [z —y|<,0<d<1,A>0. (1.4)
log |z — y|

The constant 7 > 0 represents the time delay, and f is the history function. We are denoting by (1, B2 the
following differential operators:

OA 0B
fru=Au+ (1 —pu)Biu , Pau = a—vu—i—(l—,u) 8;u

where

Biu = 201Vl g — V%uxgl'z - V22ux1m11 Bou = (V% - V22) Uz zy T V112 (u:rgzg - u:rlml)
and u € (0, %) represents the Poisson coeflicient.

In the absence of delay, the control of the plate system by internal or boundary feedbacks has been
widely studied in the literature. When the damping term behaves like |u,5|m*2 uy and m is a constant,
several results about the asymptotic behavior of the solutions were established in [7,12,15,18,19], where it
was shown that the energy decays exponentially when m = 2 and polynomially when m > 2. Recently,
PDEs with variable exponents have attracted a lot of attention from researchers and academicians. This
great interest is motivated by various physical applications, like the electro-rheological fluids, fluids with
temperature-dependent viscosity, filtration processes in a porous media and image processing. Antontsev et
al. [4] and Liao and Tan [21] looked at

g + A% — Auy + |ut|m(')_1ut = \u|p(')_2 u,

and showed that the solution is global with uniform energy decay rate if m(-) > p(-), while a solution with
negative initial energy and m(-) < p(-) blows up in a finite time. More existence and blow up results of the
wave equation were also given in [13,23,31]. The following problem

Ut — Au + Oz(t)|ut\m(')_1ut = 0,

with a time-dependent coefficient «(t), was investigated by Mustafa et al. [24,27] in bounded and unbounded
domains and explicit energy decay rates were obtained. Messaoudi et al. [22] considered the system

e + A%u + |ut\m(')_1ut = f1(u,v)
v — Av + |Ut!r(')_1vt = fa(u,v)

and established a blow-up result as well as exponential and polynomial energy decay results depending on
the source terms and the relations between the variable exponents.

The interaction between two types of damping, viscoelasticity and friction, was also a subject of in-
terest studied by Al-Mahdi et al. [1,2,3], Gao and Gao [11], Hassan et al. [14], and Park and Kang
[29]. Recently, Mustafa [25] studied a viscoelastic plate system having a boundary frictional damping with
variable-exponent, and proved general energy decay results.

Time delays arise in many applications because most phenomena naturally depend not only on the present
state but also on some past occurrences. It is well known that the delay can be a source of instability unless
some additional control mechanisms are added, see [8]. Nicaise and Pignotti [28] studied the wave equation
with linear damping and delay terms having constant coefficients ag and a, and determined that exponential
stability or alternatively instability takes place when a < ag or a > ag respectively. The same scenario was
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obtained by Badawi et al. [5] for Kirchhoff plate system with delay on the boundary control. These results
were extended by Benaissa et al. [6] to the case of nonconstant time-dependent coefficients satisfying (1.2).
In [10], Feng and Li treated with a plate equation having internal damping and delay terms of the nonlinear
type a |u|m*2 u where a and m are constants. Later, for wave equations, Kafini and messaoudi [16] covered
the case when the exponent m is a variable function of x.

In the present work, we study system (1.1) including boundary damping and delay effects both with a
variable exponent m(z) satisfying (1.3)-(1.4) and modulated by time-dependent coefficients «(t) and n(t)
satisfying (1.2). We use the multiplier method and overcome the difficulty of having variable exponents to
prove that the damping effect will dominate and lead to stability results supported by explicit formulae,
depending on both m and «, for the energy decay rates which generalize earlier related results in the
literature.

2. Preliminaries

Let p : 2 — [1,00) be a measurable function, where 2 is a domain of IR". The Lebesgue and Sobolev spaces
with a variable exponent p(-) are defined by

Lp(')(Q) = {u:Q — IR, measurable in and/ \u(x)\p(m) dr < oo}
Q

and

WhPO(Q) = {u € LPY(Q) : Vu exists and |Vu| € LPO(Q)}.

For detailed properties of these spaces, we refer to [9,20]. Here, we only mention that the well-known
Holder’s and Poincaré’s inequalities and the embedding Theorems as well as the following trace Theorem
are all applicable for these spaces.

e Trace Theorem: Let €2 be a bounded domain in IR” with a smooth boundary 9Q. Assume that p € C(Q)
and ¢ € C(09) such that

1<p <plx)<py<+oo, 1 <q <qr)<qgy < +o0,

(n=Dp(@)  5p00 <
and ¢(x) < p*(x) on 0N with p*(z) = { P&’ , then there is a continuous and compact
+00, if pp > n.

embedding W0 (Q) — L1O)(9Q).

On ), we consider the following assumption.
(A) Q is a bounded domain of IR? with smooth boundary 9Q = Ty UT, T'g and I'; are closed and disjoint,
with meas(I'g) > 0, v = (v, v2) is the unit outward normal to 92,7 = (—v2, 1) is the unit tangent positively
oriented on 99, and there is a fixed point zy € IR? so that, for w(z)=xz—x9, w-v<0onTyand w-v >0
on I'y.

The existence and uniqueness of solutions to system (1.1) are provided in the following result, which can
be established by the Faedo-Galerkin method as in the work of [17,26,30,32].
Proposition 2.1. Assume that (A) and (1.2)-(1.4) are satisfied and (ug,u1) € H%O(Q) x L2(2), where
H%O(Q) ={u€c H*(Q):u= % =0 on I'o}. Then, problem (1.1) has a unique global solution

w € L=((0,T); HE, (), up € L((0,T); L*(Q)) N L™O((0,T) x I'y).

As in [28], we define the following new variable

z(x, p,t) = w(x, t — 7p), in I'; x (0,1) x (0,00).
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Then, system (1.1) is equivalent to

ug + A%u =0, in Q x (0, 00)
Tzt(x, p,t) + 2p(x, p,t) = 0, in Q x (0,1) x (0,00)
U:%:Oa on T’y x (0,00)
Biu =0, on I'; x (0,00)

(2.1)

Bow = au(t) [ug|™ @ 2wy 4+ n(t) |2(2, 1,8) @2 2(2, 1, 0), on Ty x (0, 00)

u(,0) = uo(z),
2(x,0,t) = u(x, t),

| 2(z,p,0) = f(z,7p),

uy(,0) = ui(x), in Q)

in 'y x (0,00)
in Ty x (0,1).

Now, let us define the bilinear form a(.,.) as follows
au,v) = /{“mz:lvmxl + Ugpws Vagzy + H(Uaia1 Vasws + UsszaVarwy) + 2(1 — 1)Uy 25 Va0, b
Q

By Young’s inequality, we find that

a’(u’ U) = /S; {uglzl + uiQIEQ + 2/‘l’u331551u12x2 + 2(1 zlrg } dCC
2 1 2 1 2
S Q umlxl +u mgxz +2N 2 xlxl + 3 2 mng +2(1 )ux1xg diL’
= RO, (0, 20— i, ) do
2 2 2
] (P S e L I

and

Vv

1 1
a(“?“) / {ugzclxl +u xgxz + 2:“ |: 2 :20111 - 2“%21}2] + 2(1 - M)uazclxg} dx

~ [{a-w,,

> (1- >(Hux1x1u o o | + iz ) -

(1 - /’L) u;?cgacg + 2(1 - xpcg} dx

Consequently, as measl'y > 0 and so Poincaré’s inequality is applicable, we deduce that
i Jullfz (o) < alu,u) < azlullzz (g
FO( ) - - 1‘0( )

for some positive constants a; and ag, which means that \/a(u,u) is an equivalent norm on H%O(Q) At
the end of this section, we introduce the energy functional

_ ;/Q’ut‘de—i- %a(wu) +ra(t) /n /01 Ti((a;))

1+q
2

|2, p, )™ dpdl

and

§(x) = m(x) —q (2.2)

where 0 < ¢ < 1 was given in (1.2).
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3. Technical Lemmas

First, we state the following lemma which will be useful in what follows.
Lemma 3.1 ([19]). Let u and z be functions in H*(Q) and p € IR. Then we have

(A?u)zdz = a(u, z) {(Bau)z — (Bw)—}df
/ “J,

and

/Q (w - V) A2udz = alu, u) + /

0N

[(5210 (w-Vu) — (ﬁlu)aay (w - Vu)} dr

1
+§ /8Q w-v [uglzl + quZQ + 2Il"’u331111‘L$2x2 + 2(1 - u)uilmg] dF
Lemma 3.2. The energy functional E satisfies, for some constant co > 0,

E'(t) < —coa(t) / [\utym@) +2(a, 1,t)\m<x)} dr. (3.1)

I

Proof. By multiplying equation (2.1); by u; and integrating over 2, using the boundary conditions, Lemma
3.1, and some manipulations, we obtain

1d

it /. (uf + a(u,u)) dz

— o) [ fu" dr — e )/ ez (2,1,1) [2(, 1, £) @2 r
Fl 1—‘1

For the last term, we use Young’s inequality with p = m(x) and p’ = m ()) to get

1d

2t Q(Uera(u,u)) dz
ey~ OLY | ) m@) =1 m@)
<= [ (o= e ar s o) [ O e .

On the other hand, the use of (2.1)2 and (1.2) gives

[ /Fl/ 3G 2(x, p, t)[™ (m)dpdf‘}
ol /F |
—a(t) /Fl

0

(z, p, )™ dpdl

2(z, p, )™ dpdT

IN

e

/ &(x)z(z, p, t) |2(z, p, )™ 2 2,(x, p, t)dpdD
/ {(x

(x

o L)umu:) W @) g i)
— ot 5 oy el T = ) 5 oy @ Lo ar.

Then, combining the above results and using (1.2) yield

|:<1 g +£($)> |ut|m(a:) + g(l‘) —4q (m(l‘) - 1) |Z(CC, 1,t)‘m(:p) dr.

m(x) m(x)

E(0) < ~a(t) [

Iy



M.I. Mustafa, Journal of Prime Research in Mathematics, 2026, 53-64 58

Using (2.2),
| a4€@) _1-g_ @) -qlm) -1

Hence, (3.1) is established.

Let us mention that we will use ¢, throughout this paper, to denote a generic positive constant. In this
section, we construct a Lyapunov functional £ equivalent to E. For that, we first prove some lemmas.
Lemma 3.3. The functional ¢ defined by

P (t) = / (w - Vu) udx
Q
satisfies, along the solution of (1.1), the estimate

P (t) < c/ uldl — /Qufd:r — %a (u,u) + ca(t)/ (]ut\m(x) + |2(x, l,t)]m(”&)) dr. (3.2)
It

I

Proof. Direct computations, using Lemma 3.1, we get

P (t) = /Q(w - Vug)ugdx + /Q (w - Vu) ugedx

1

= /w-Vufda:—/(w-Vu)AQde
2 Jo 0

—_

(;V |w|2> - VuZdr — /Q (w - Vu) A?udx

(w - v) uZdl —/ <1A ]w\2> u%d:c} — / (w - Vu) A?udz
Q 0 \2 Q
(w - v)uldl — /

Q

0

— 5

! N [ e

(w - v)u2dl — / uldr — a (u,u)
Q

NI = NI~ ND= N

S—

Q
0
90— G g v ar

[
s~

1
_5 /6Q w-v [u?l:lxl + u?czxz + 2:u‘u151$1u$2372 + 2(1 - M)uilxz} dF (33)

Let us examine the integrals over I'g in (3.3). As u = 0 on I'g, then I'g is a part of the level curve u = 0
where Vu is normal to this curve. Then, either Vu = 0 or Vu is parallel to v on I'g. But, Vu - v = %Z =0
on I'y confirms that Vu = 0 on I'y. Hence, all the points on I'y are critical points of u, and the discriminant

(Ugy g Uggy — “9261932) at all these points should be zero as u = 0 on I'y. This means that

uilxl + uigwg + 2Muxlxlux2x2 + 2(]‘ - lu)uilmg = (AU)2 on FO'

By similar arguments, one can show that Bju = Bou =0 on I'g and

2(w-Vu) = (w-v)Au on TI.
ov

Therefore, with (2.1)45, (3.3) becomes

w'(t)—;/Fl(w-u)ufdf’—/gufdx—a(u,u)—i—;/Fo(w-u)(Au)QdI‘
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—a(t) / (w - V) g2 el — n(t) / (w - V) [2(2, 1,62 2(z, 1, £)dT
Fl 1_‘1

1

_2/1" w-v [uilam + uigrz + 2:uu901961u932£102 + 2(1 - M)uiwvg] dr
1

and, as assumption (A) implies that there exists a constant R such that
lw(z)] < R for all x € Q, w-v <0 onTy, w-v>0 only,

we obtain R
Y (t) < = [ wldl — / urdx — a (u,u)
2 Jr, Q

—a(t) /F (w - V) [ 2wyl — n(t) /F (w - V) |2z, 1, )2 2(2,1, £)dT. (3.4)

Now, we use Young’s inequality, with p(xz) = m(x) and p'(x) = me()zzl on z € I'1, and the trace Theorem
to get

—a(t) / (w - V) [ug| @2 4y dD — n(t) / (w-Vu) |z(z,1,£)[™ 72 2(z,1,¢)dT
Fl Fl

ca(t) yw Vu™@) dT + a(t) C()|ut| @) gr

IN

e n(t \/ - ™ dT + [n(t y/ ) |2(x,1,)[™@ dr

e(g+Da(t) | fw- Vu" dT +a(t) / Cela) (Ju ™™ + g 2(w,1,6)")) dr
Fl F1
< CE/ <‘w Vul? + |w - Vu’m2) dr + a(t)/ Ce(z) (’ut‘m(z) +q|z2(z, 1,t)‘m(x)> ar
Fl l—‘1

m9

ca(a( )+a(uu)2>+a()

IN

Cel@) (Jul ™™ + q2(w,1,6)")) dr
I't

= e (1+a(u,u)méz)a(u,u)+a(t)/rl C.(z) (]ut| ) gz (x,1,t)|m<z>)dr

< 05(1+E<0)’”2T’2)a(u,u)+a(t) Cg(:):)(]ut| +q\(x,1,t)|m<x>)dr.

Iy
If we fix e = L <, then m(z) is bounded and consequently C.(z) = —L— = Tn((g_l
2c(1+E(0) ) P'(ep) (m(z)] m@)—1 RO

is bounded, and we get

—a(t) / (w - V) g2 D — m(8) / (w - V) |2z, 1, )2 2(2,1, £)dT
Fl Fl

<

o(u ,u)+ca(t)/r (juel™® + |z, 1, 1)) . (3.5)

and (3.5), gives (3.2).

1
o) [ [ 76w 2w, pt) " dpar
I't JO

~— [\3“_.

Combining the estimates (3.4
Lemma 3.4. The functional
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satisfies, for some positive constant -y, the estimate

K(0) < coft) [ o™ dr = so0() (f | (0P 4 (o) [ et )7 wlar). 5o

Proof. We use (1.2) and (2.1)2 to find that
1
K0 = (o) [ [ e et o0 dpar
I't JO
1
~alt) [ [ e m@e@)sta ) oo, 0125y . ol
1

< a0 [ €W Ji 1 7L et 0" o] ar

1
— —al(t) / (@) [eﬂzm,t)rm(f)—rz<x,o,t>\m<w>+T / e-wwz(x,p,tﬂm@dp] ar
I 0

IN

o) [ &6a) " a8 = 500 < | @ [z(a:,l,mm% / et 1) dp} dr)-

As £(z) is positive and bounded above and below, this gives (3.6).
Lemma 3.5. The functional £ defined by

L(t) == NE(t) + v (t) + K(t)

satisfies, for suitable choice of N > 0 and some by > 0, that

1

L'(8) < —boE(t) + /F W20 (3.7)

and
L(t) ~ E(t). (3.8)
Proof. From (3.1), (3.2) and (3.6), we obtain

1
[/(t) < C/ U?dr — / thdx — —=a (u,u) — (CON — 2C) Oé(t) |ut’m(m) dr’
' (9] 2 r,

1
—(coN + 70 =) a(t) | |z(z,1,)™) dI — yoa(t) /F /O £(x) |2z, p, 1) ™) dpdl.

|z
It
Let us choose N large enough so that
colN — 2¢ > 0.

Therefore,

1
L <e / W2dT — / e~ o (u,u) ~00(?) / / £(@) 2@, p, O™ dpdT.
1—‘1 Q Fl 0

Since Ti((xx)) <&(z) < %ﬂg), then

L'(t) < —boE(t) + c/ urdl
I

for some by > 0. Now, by the aid of Young’s and Poincaré’s inequalities, one can easily deduce that
£(t) = NE@)| < [0()] + [K(0)] < cE(t).
Hence, with N even larger (if needed), we can find some positive constants ai, as such that
a1 E(t) < L(t) < a2E(t)
which means that (3.8) is satisfied.
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4. The Main Result

We are ready now to state and prove our main result.
Theorem 4.1. Assume that (1.2)-(1.4) and (A) hold. Then there exist positive constants k, ki and ks such
that the solution of (1.1) satisfies, ¥t > 0,

ke k1 Jo afs)ds if mg =2
Et) < =2 . 4.1
) ko (1 + fga(s)d8> meT if mg > 2 (1)

Proof. We multiply (3.7) by «(t) and get

Q)L (1) < —boar(t) E(t) + ca(t) /F W2 (4.2)

By (3.1), if mg = 2, then m(x) = 2 and
a(t)L'(t) < —bpa(t)E(t) — cE'(t).

Using (1.2),
i (al + cE) (t) < —boa(t)E(t).

Hence, by the fact that af + cFE ~ E, we easily obtain
E(t) < ke_kl fot a(s)ds

which gives (4.1);.
If mo > 2, we consider the following partition of I'y

Iy={xel:|uyl>1} and T ={xel;:|wl <1}

and make use of Holder’s and Young’s inequalities and (3.1) as follows:

a/ Wdl < a | |ug|™@ dl < —cE'(t), (4.3)
* l—‘1
2 2
a/ uldl < ca (/ |ue|™? dF) P <ca (/ g™ dF) ’
2 my_q 1— 2 ,
_ 2 m _ 2 2 F m E")m
< cal ™ (a |ut|m(:v) dF) St (—E'(t)) = _cb? o - 2 ( )m2
r E= 1
5B 10w oy [ ¢ m2
o +Cs | (—E) SET o — CsE'
< s = s . (4.4)
E=— E= 1

Inserting (4.3) and (4.4) into (4.2) and then multiplying by g2t give
a)ET YL () < —a(t)E 7 (t) — cE'(t) + cda(t)E 2 (t) — cC5E' (t).
Consequently, as o and E are nonincreasing, picking § small enough, we obtain, for some b > 0,
F'(t) < —ba(t)EZ (t)

m2
2

where F = aE= 'L + c¢E ~ E. Hence we have, for some b; > 0,

F'(t) < —bia()F 2 (1)
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:::»jﬁtlfzgil)ds < —bljﬁta(s)ds

from which we easily deduce, for some constant ko > 0, that

E@yg@<r+424@¢>m%

which gives (4.1)a.

5. Examples and Remarks

Here, we give some examples and remarks to illustrate the energy decay rates obtained by Theorem 4.1.
Example 5.1. (A) If m(z) =2 and a(t) = (1 + )" where 0 < A < 1, then

Bt) < ke *00 ifo<a<1
k .
(B) If m(x) > 2, mo = supm(z) = 3 and «(t) = (1 +¢)" where 0 < A < 1, then
xel
ko .
E(t) k2 if A =1.

[14In(1+ )%

Remark 5.2. In this paper, we investigated a plate system with boundary frictional damping and delay
term having time-dependent coefficients «(t) and 7(¢) and a variable exponent m(z). Under the conditions
m(x) > 2 and |n(t)| < ga(t), where 0 < ¢ < 1, we have derived explicit decay estimates for the energy
functional associated with the system by applying the multiplier method. Our results demonstrate the effect
of both & and m on the energy decay rates. These results contribute to the understanding of the dynamic
behavior of such systems with variable exponent nonlinearities modulated by time dependent coefficients.
Remark 5.3. We should mention that the arguments used here need delicate modifications to treat with
the case 1 < m(x) < 2. Extending the analysis to cover this case would be of interest in our future work.
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