
Available online at http://jprm.sms.edu.pk/
Journal of Prime Research in Mathematics, 2026, 44–50

Higher Topological Complexity of Complement of a
Generic Arrangement

Viet Dung Nguyena,∗, Van Nin Nguyenb

aFaculty of General Studies, CMC University, Hanoi, Vietnam
bDepartment of Mathematics, Thai Nguyen University of Education Vietnam

Abstract

The notion of higher topological complexity of a topological space was defined by Rudyak in [12], generalizing
the earlier work of M. Farber [3, 4, 5, 6]. In this paper, we compute the higher topological complexity of the
complement of a generic arrangement. As an application, we compute the higher topological complexity of
configuration spaces in Euclidean spaces.
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1. Introduction

Let X be a topological space and PX the space of free paths on X and π : PX → X × X the map
sending each path γ to the pair of its initial and final points π(γ) = (γ(0), γ(1)). The topological complexity
TC(X) of X is defined by M. Farber in [3] as the Schwarz genus (see [13]) of π.

In [12], Y. Rudyak extended this notion to the higher topological complexity (see also [1]). For n ≥ 2, let
Jn denote the wedge of n closed unit intervals [0, 1]i, i = 1, . . . , n, where the points 0i ∈ [0, 1]i are identified,
XJn the space of all continuous maps from Jn to X with compact - open topology. Consider the map

en : XJn −→ Xn ,
γ 7−→ (γ(11), ..., γ(1n))

where 1i is the unit in [0, 1]i.

Definition 1 (Y. Rudyak (2010)). The higher topological complexity TCn(X) of the space X is the smallest
integer k such that there is an open covering U1, . . . , Uk of Xn by k open sets where each Ui admits a local
section si : Ui → XJn of en, i. e., en ◦ si = idUi .
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Note that the higher topological complexity TCn(X) of X is the Schwarz genus of the fibration en.
The following properties of TCn(X) can be obtained from those of Schwarz genus (see [1], [12] and [13])

(i) TCn(X) is a homotopy invariant of X.

(ii) If X is a r-connected CW -complex, then

TCn(X) <
ndimX + 1

r + 1
+ 1.

Particularly, TCn(X) ≤ n dimX + 1 if X is path-connected.

(iii) For path-connected spaces X and Y we have TCn(X × Y ) ≤ TCn(X) + TCn(Y )− 1.

(iv) Let X be path-connected. Suppose that Xn is decomposed into Xn = X1 ∪ ... ∪Xk, where for any i,
Xi is an ENR and there is a local section of en on it. Then TCn(X) ≤ k.

(v) If there exist ui ∈ H∗(Xn) for i = 1, ...,m such that d∗nui = 0, ∀i and u1 ∪ u2 ∪ ...∪ um ̸= 0 ∈ H∗(Xn),
then TCn(X) ≥ m+ 1.

The higher topological complexity has been computed for spheres and product of spheres by I. Basabe,
J. González, Y. Rudyak, and D. Tamaki in [1], and for wedge of spheres, Riemann surfaces and for several
configuration spaces by us in [9], [10].

We are interested in computing the higher topological complexity for the complement of a hyperplane
arrangement. The purpose of this paper is to determine the higher topological complexity TCn for the
complement of a generic arrangement. Generalizing the result of S. Yuzvinsky in [14] we get the following
main result
Theorem Let A be a generic arrangement consisting ℓ complex linear hyperplanes in Cr, ℓ ≥ r and M =
Cr \ ∪H∈AH its complement. Then

TCn(M) = min{(n− 2)r + ℓ+ 1, nr}.

Acknowledgement: The authors would like to express their sincere gratitude to the referees for their
careful reading of the manuscript. Their constructive comments, suggestions and detailed corrections have
helped bring the paper into its present form.

2. The higher topological complexity of complement of generic arrangement

We first recall some definitions from the theory of hyperplane arrangement. Let V be a complex vector
space of dimension r. An arrangement of hyperplanes A in V , or an r-arrangement, is a finite collection
of hyperplanes {H1, . . . ,Hℓ} in V . For i = 1, . . . ℓ, let αHi be the linear function defining Hi. The product
Q(A) =

∏ℓ
i=1 αHi is called the defining polynomial of the arangement A. An arrangement A is called central

if each hyperplane contains the origin, and essential if ∩ℓ
i=1Hi = {0}.

For a central r-arrangement A, we define the deconing construction as follows. Choose a hyperplane
K0 ∈ A. Choose coordinates so that K0 = ker(x0). Suppose that the defining polynomial of A is Q(A) ∈
C[x0, x1, . . . , xl−1]. Then the deconing dA of A is an (r − 1)-arrangement with ℓ − 1 hyperplanes, having
the defining polynomial Q(dA) obtained by substituting 1 for x0 in Q(A) .

Definition 2. An r-arrangement A with r ≥ 2 is called generic if for every subset B ⊆ A with |B| ≤ r the
set of linear functions defining hyperplanes in B is linearly independent.

An r-arrangement A is called a general position arrangement if for every subset {Hi1 , ...,Hip} ⊆ A with
p ≤ r, Hi1 ∩ ... ∩Hip is an affine subspace of codimension p and when p > r

Hi1 ∩ ... ∩Hip = ∅.
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If an essential arrangement A is generic then its deconing dA is a general position (r − 1)-arrangement
(see [11]).

We recall our main result.

Theorem 1. Let A be a generic arrangement consisting of ℓ complex linear hyperplanes in Cr, ℓ ≥ r and
M = Cr \

⋃
H∈AH its complement. Then

TCn(M) = min{(n− 2)r + ℓ+ 1, nr}.

Proof. Lower bound: It is well known that H∗(M,C) is isomorphic to the Orlik - Solomon algebra A(A)
of the arrangement A as graded algebras (see [11]). In order to use property (v) in the Introduction to give
a lower bound for TCn we recall the Orlik-Solomon algebra.

Let E the exterior algebra generated by generators eH , H ∈ A. Equip E with the usual differential by
∂1 = 0, ∂eH = 1 and for p ≥ 2

∂(eH1 . . . eHp) =

p∑
k=1

(−1)k−1eH1 . . . êHk
. . . eHp .

Let I denote the ideal of E generated by all ∂(eH1 . . . eHp) with codim ∩p
k=1 Hi < p.

Then the Orlik-Solomon is defined to be the quotient A(A) = E/I.
Let denote φ : E −→ A(A) the natural homomorphism. Suppose that we index hyperplanes of A by

{H0, H1, . . . ,Hℓ−1}. Define ai = φ(eHi). We can then identify the generators of H∗(M,C) with those of
A(A).

Since A is generic, the algebra A(A) is generated by a0, ..., aℓ−1 with following relations ai
2 = 0, aiaj =

−ajai and if I = {i1, ..., ik} ⊂ {0, 1, ..., ℓ − 1}, k ≤ r then aI = ai1 ...aik ̸= 0. The set of aI , I = {i1 < ... <
ik} ⊂ {0, 1, ..., ℓ− 1} is a basis of (the vector space) A(A).

Considering ai’s as elements in H∗(M,C), for each ai we put

āit = 1⊗ 1⊗ ...⊗ 1⊗
t
∨
ai ⊗ ...⊗ 1− ai ⊗ 1⊗ ...⊗ 1, for t = 2, ..., n.

Let p = min{ℓ− 1, 2r − 2}, J = {0, 1, ..., p} , I ⊂ J with |I| = r.
Consider the element

π =
∏
i∈I

(
n∏

t=2

āit).
∏

i∈J\I

āin .

Clearly this element π contains a non-zero term ±aI ⊗ ...⊗ aI ⊗ aJ\I of degree (n− 2)r + p+ 1. Since
this term can not be eliminated by any other summand, it follows that π ̸= 0.
On the other hand, d∗nāit = 0 for all i = 0, 1, . . . , ℓ − 1, t = 2, ..., n. So we obtain the lower bound for the
higher topological complexity of the complement

TCn(M) ≥ (n− 1)r + (p+ 1)− r + 1 = min{(n− 2)r + ℓ+ 1, nr}.

Upper bound: We have that M is homotopy equivalent to S1 ×M(dA) (see [11]). Since A is generic and
ℓ ≥ r, dA is a general position (r − 1)-arrangement.

Let T ℓ−1 = S1 × · · · × S1︸ ︷︷ ︸
ℓ−1 times

be the torus. For a subset I ⊂ {1, . . . , ℓ − 1} we define the subtorus T ℓ−1
I =

{(z1, . . . , zℓ−1) ∈ T ℓ−1 | zj = 1, if j /∈ I} of T ℓ−1.
Then, according to Hattori Theorem (see [8]), M(dA) is homotopy equivalent to M0, where

M0 =
⋃

|I|=r−1

T ℓ−1
I .

The property (iii) of TCn gives us

TCn(M) = TCn(S1 ×M(dA)) ≤ TCn(S1) + TCn(M(dA))− 1

= TCn(S1) + TCn(M0)− 1.
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It is known that TCn(S1) = n (see[12]).
Since M0 is the (r − 1)-skeleton of the canonical CW-complex of T ℓ−1, then TCn(M0) ≤ n(r − 1) + 1.
It implies TCn(M) ≤ n+ (n(r − 1) + 1)− 1 = nr.
If ℓ+ 1 ≥ 2r, we have TCn(M) ≤ nr = min{(n− 2)r + ℓ+ 1, nr} and we are done.

So, we need only to consider the case ℓ+ 1 < 2r.

Claim: TCn(M0) ≤ (n− 2)(r − 1) + ℓ.
To demonstrate this, we decompose (M0)

n into union of (n − 2)(r − 1) + ℓ ENR subsets and construct a
local section on each of these subsets.
First, for J ⊂ {1, . . . , ℓ− 1}, I ⊂ {2, . . . , n− 1} consider following subsets of (T ℓ−1)n

F ′
J = {(u1, u2, . . . , un) | u1j = u2j = · · · = unj if and only if j ∈ J}

U ′
IJ = {(u1, u2, . . . , un) | u1j = uij if and only if i ∈ I, j ∈ J}.

Put:

F0 = F ′
0 ∩ (M0)

n, where F ′
0 = {(u1, u2, . . . , un) | u1j ̸= uij for all i = 2, . . . , n, j = 1, . . . , ℓ− 1},

Fj =
⋃

|J |=j FJ , j = 1, . . . , ℓ− 1, where FJ = F ′
J ∩ (M0)

n,

Ust =
⋃

|I|=s,|J |=t UIJ , s = 1, . . . , n− 2, t = 1, . . . , r − 1, where UIJ = U ′
IJ ∩ (M0)

n.

By defintion, (M0)
n is decomposed into disjoint union of (n− 2)(r− 1)+ ℓ subsets Fj , j = 0, 1, . . . , ℓ− 1

and Ust, s = 1, . . . , n− 2, t = 1, . . . , r − 1). We will construct a (continuous) section of en on each of these
subsets. Observe that each of Fj is disjoint union of FJ and each Ust is disjoint union of UIJ . So, we need
only to construct a section on each of FJ , UIJ .

First for u = (u1, . . . , uℓ−1), u
′ = (u′1, . . . , u

′
ℓ−1) ∈ M0 we define a path l(u,u′)(t) = (l(u,u′)(t)1, . . . , l(u,u′)(t)ℓ−1)

in M0 going from u to u′ by defining its j − th coordinate l(u,u′)(t)j .
- If uj = u′j we define l(u,u′)(t)j = uj = u′j for all t ∈ [0, 1].

- Suppose that uj ̸= u′j . For two distinct points z = eiφ, z′ = eiφ
′
with 0 ≤ φ,φ′ < 2π on the circle S1,

let ηz,z′ denote the canonical path on the circle going from the point z to the point z′ with constant speed.
Precisely, η is given by ηz,z′(t) = ei((1−t)φ+tφ′), t ∈ [0, 1]. Since uj ̸= u′j are two distinct points on the same

circle S1 we have the path ηuj ,u′
j
on the circle connecting the point uj to the point u′j .

Considering S1 as the set of complex numbers of modulus 1, we define the map τ : S1 → [0, 1/2] by

τ(z) =

{
1/2(1− (|z − 1|)/

√
2) if |z − 1| ≤

√
2

0 otherwise.

Using this map τ as the reparameterization function we define the j-th coordinate l(u,u′)(t)j for u ̸= u′

by

l(u,u′)(t)j =


uj if 0 ≤ t < τ(uj);

ηuj ,u′
j

(
t− τ(uj)

1− τ(uj)− τ(u′j)

)
if τ(uj) ≤ t < 1− τ(u′j);

u′j if 1− τ(u′j) ≤ t ≤ 1.

Obviously, l(u,u′)(t) is well defined for all u, u′ ∈ T l−1 and is a continuous path going from l(u,u′)(0) = u
to l(u,u′)(1) = u′.

Next, we need to verify that the image of l(u,u′) lies completely inside M0 if u, u′ ∈ M0. That is for every
t ∈ [0, 1], l(u,u′)(t) contains at least ℓ− r coordinates 1.

Assume u ∈ T ℓ−1
I and u′ ∈ T ℓ−1

I′ , where I, I ′ ⊂ {1, ..., ℓ − 1} satisfying |I| = |I ′| = r − 1. Denote
Ī = {1, ..., ℓ− 1}\I, Ī ′ = {1, ..., ℓ− 1}\I ′ and put I0 = Ī ∩ Ī ′. So, we have |Ī| = |Ī ′| = ℓ− r
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For any t ∈ [0, 1] we consider indices j ∈ I0. Since j /∈ I and j /∈ I ′ we have uj = u′j = 1 and by definition
l(u,u′)(t)j = uj = u′j = 1 for all t ∈ [0, 1].

For t ∈ [0, 1/2] we consider indices j ∈ Ī\I0. Since j /∈ I we have uj = 1. Therefore, τ(uj) =
1
2 and by

definition l(u,u′)(t)j = uj = 1 for all t ∈ [0, 12 ]

For t ∈ [1/2, 1] we consider indices j ∈ Ī ′\I0. Since j /∈ I ′ we have u′j = 1. Therefore, τ(u′j) =
1
2 and by

definition l(u,u′)(t)j = u′j = 1 for all t ∈ [12 , 1]
That is for every t ∈ [0, 1], l(u,u′)(t) has at least ℓ − r coordinates equal 1, or equivalently, l(u,u′) lies

completely inside M0.
Now we define the map : s : Mn

0 → MJn
0 by

s(u1, u2, ..., un) = (l(u1,u1), l(u1,u2), ..., l(u1,un)).

By definition, the function τ is continuous, the path η(z,z′) depends continuously on distinct pairs (z, z′)
on S1 × S1. Therefore, the restrictions of s on FJ , F0, UIJ depend continuously on (u1, u2, ..., un) and define
local sections of en on Fj , Ust.

Moreover, the sets Fj , Ust for j = 0, ..., ℓ − 1, s = 1, ..., n − 2, t = 1, ..., r − 1 are all ENRs. So, we have
TCn(M0) ≤ (n− 2)(r − 1) + ℓ. That is

TCn(M) ≤ n+ (n− 2)(r − 1) + ℓ− 1 = (n− 2)r + ℓ+ 1.

Since ℓ+ 1 < 2r, we have TCn(M) ≤ min{(n− 2)r + ℓ+ 1, nr}.
So, TCn(M) = min{(n− 2)r + ℓ+ 1, nr}.

3. Applications to configuration spaces

In this section, using the result of the previous section we will compute the higher topological complexity
TCn of configuration space on Euclidean space Rm with even m ≥ 2.

First, we consider the case when m = 2.

Theorem 2. Let F (R2, k) be the configuration space of k distinct points on R2, with k ≥ 2. Then

TCn(F (R2; k)) = n(k − 1).

Proof. Considering R2 as the complex line C we can identify F (R2; k) with the complement M(A) of braid
arrangement A = {Hij |Hij : xi − xj = 0, 1 ≤ i < j ≤ k} in Ck. The hyperplane H0 : x1 + ... + xk = 0 is a
complex vector space of dimension k − 1 and A0 := {Hij ∩H0 | Hij ∈ A} is a generic arrangement in H0

consisting
k(k − 1)

2
hyperplanes. Moreover, M(A0) is a retract of M(A). Then the property of TCn gives

TCn(M(A)) = TCn(M(A0)). Hence Theorem 1 implies

TCn(M(A0)) = min{(n− 2)(k − 1) + k(k−1)
2 + 1;n(k − 1)} = n(k − 1) for all k ≥ 2.

So, TCn(F (R2; k)) = n(k − 1).

Lemma 1. Let X be a (s−1)-connected k-dimensional finite cell complex where s ≥ 2. Assume additionally
that nk = rs where r > 0 is an integer. Then

i) TCn(X) ≤ r + 1,
ii) TCn(X) = r + 1 if only if there exist ui ∈ Hs(Xn) for i = 1, ..., r such that d∗nui = 0,∀i and

u1 ∪ u2 ∪ ... ∪ ur ̸= 0 ∈ H∗(Xn).

Proof. Statement i) follows directly from the inequality

TCn(X) <
nk + 1

s
+ 1

for any (s− 1)-connected CW-complex X of dimension k.
Statement ii) follows from Theorem 6 in [13] by considering TCn as Schwarz genus of the fibration en.
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A computation for the higher topological complexity of TCn(F (Rm, k)) for any m ≥ 3 has been presented
by us in [9] and independently in [2]. In this section, we present an alternative computation for the case
of even m, using our results on the TCn of the complement for a generic arrangement in Theorem 1 and
Theorem 2.

Theorem 3. Let F (Rm, k) be the configuration space of k distinct points on Rm, k ≥ 2. Then

TCn(F (Rm; k)) =

{
n(k − 1) if m even

n(k − 1) + 1 if m odd .

Proof. The result for the case m odd has been given in [9] and for m = 2 in the Theorem 2. So we need
only to consider m even, m ≥ 4.

Since m ≥ 4 the space F (Rm, k) has the homotopy type of a polyhedron of dimension ≤ (k− 1)(m− 1),
hence (m− 2)- connected (see [7]). Using the property (ii), we have

TCn(F (Rm, k)) <
n(k − 1)(m− 1) + 1

m− 1
+ 1 = n(k − 1) +

1

m− 1
+ 1.

It implies TCn(F (Rm, k)) ≤ n(k − 1) + 1.
Therefore, by means of the Lemma 1, TCn(F (Rm, k)) = n(k − 1) + 1 if and only if there exist cohomology
classes

u1, ..., un(k−1) ∈ Hm−1((F (Rm, k))n)

such that d∗nui = 0 and u1 ∪ ... ∪ un(k−1) ̸= 0.
It is known that for any even m ≥ 2, there is an algebra isomorphism (see [6])

ϕ : H∗(F (R2, k)) → H(∗(m−1))(F (Rm, k))

sending classes of degree i to classes of degree i(m− 1) where i = 0, 1, ..., k − 1.
On the other hand, combining Lemma 1 and Theorem 2 we see that there is no n(k − 1) cohomology
classes in H∗(F (R2, k)n) satisfying above conditions. So, there does not exist n(k − 1) cohomology classes
u1, ..., un(k−1) in H(m−1)((F (Rm, k))n) such that d∗nui = 0, i = 1, .., n(k − 1) and u1 ∪ ... ∪ un(k−1) ̸= 0 .
Hence TCn(F (Rm, k)) < n(k − 1) + 1.

It is well known, see [7], that H∗(F (Rm, k)) is generated by classes eij ∈ Hm−1(F (Rm, k)), 1 ≤ i ̸= j ≤ k
satisfying e2ij = 0, eijejt + ejteti + etieij = 0 for all 1 ≤ i, j, t ≤ k.

For every t = 2, ..., n, we put

ēijt = 1⊗ 1⊗ ...⊗ 1⊗
t
∨
eij ⊗ ...⊗ 1− eij ⊗ 1⊗ ...⊗ 1

ēij =
n∏

t=2

ēijt =
n∑

l=1

(−1)l−1eij ⊗ eij ⊗ ...⊗
l
∨
1⊗ eij ⊗ ...⊗ eij .

Then, by arguments similar to those in the proof for the lower bound of Theorem 1, the element

k∏
j=2

ē1j

k∏
p=3

ē2pn =
k∏

j=2

(
n∏

t=2

ē1jt)
k∏

p=3

ē2pn

is nonzero. Moreover d∗nēijt = 0 for all 1 ≤ i ̸= j ≤ k, t = 2, ..., n. Using the cohomological lower bound, we
get

TCn(F (Rm, k) ≥ (n− 1)(k − 1) + (k − 2) + 1 = n(k − 1).

Thus, TCn(F (Rm, k)) = n(k − 1).
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[2] J. González and M. Grant Sequential motion planning of non-colliding particles in Euclidean spaces, Proc. Amer. Math.
Soc. 143 (2015), 4503 - 4512. 3

[3] M. Farber, Topological complexity of motion planning, Discrete Comput. Geom. 29(2003), 211 - 221. (document), 1
[4] M. Farber, Topology of robot motion planning, Topology and its Application, 140(2004), 245 - 266. (document)
[5] M. Farber, S.Yuzvinsky Topological robotics: subspace arrangements and collision free motion planning, In ”Geometry,

topology, and mathematical physics”, Amer. Math. Soc. Transl. (2004), 145 - 156. (document)
[6] M. Farber and M. Grant, Topological complexity of configuration spaces, Proc. A.M.S. Volume 137, Number 5(2009), 1841

- 1847. (document), 3
[7] E. Fadell and S. Husseini, Geometry and Topology of Configuration Spaces, Springer- Verlag, 2001. 3
[8] A. Hattori, Topology of Cn minus a finite number of affine hyperplanes in general position. J. Fac. Sci. Univ. Tokyo 22(1975),

205 -219. 2
[9] Nguyen Viet Dung and Nguyen Van Ninh, Higher topological complexity and hyperplane arrangements, preprint 2013. 1,

3, 3
[10] Nguyen Viet Dung and Nguyen Van Ninh, The higher topological complexity of configuration spaces of odd-dimensional

spheres, Proceedings of Congress on Singularities in Kagoshima, Japan, World Scientific (2020), 167-183. 1
[11] P. Orlik and H. Terao, Arrangements of hyperplanes, Springer - Verlag, 1992. 2, 2
[12] Y. Rudyak, On higher analogs of topological complexity, Topology and its Application, 157(2010) 916-920. (document), 1,

1, 2
[13] A. Schwarz, The genus of fiber space, Amer. Math. Soc. Transl. 55(1966) 49 - 140. 1, 1, 3
[14] S.Yuzvinsky, Topological complexity of generic hyperplane complements, Contemporary Mathematics, 438(2007), 115-120.

1


	1  Introduction
	2 The higher topological complexity of complement of generic arrangement
	3 Applications to configuration spaces
	REFERENCES

